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Abstract
In this paper, we study a warm intermediate inflationary model with a general form for the
dissipative coefficient Γ(T, φ) = Cφ T
m/φm−1 in the context of loop quantum cosmology. We
examine this model in the weak and strong dissipative regimes. In general, we discuss in great
detail the characteristics of this model in the slow-roll approximation. Also, we assume that the
modifications to perturbation equations result exclusively from Hubble rate. In this approach,
we use recent astronomical observations from Planck and BICEP2 experiments to restrict the
parameters in our model.
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I. INTRODUCTION
In cosmology our concepts concerning the early universe have introduced a new ingredient,
the inflationary phase of the universe, which provides an attractive approach for resolving
some of the problems of the standard model of the universe, as the flatness, horizon, etc.
[1–6]. Also, it is well known that inflation provides a graceful mechanism to clarify the
large-scale structure [7–11] and the observed anisotropy of the cosmic microwave background
(CMB) radiation [12–15]. Recently, the effects from BICEP2 experiment of gravitational
waves in the B-mode has been analyzed in Ref. [16]. An important observational quantity
obtained in this experiment, is the tensor-to-scalar ratio r, which r = 0.2+0.07−0.05 (68 % C.L.)
and takes out the value r = 0 ( at a significance of 7.0 σ). Therefore, the tensor mode should
not be neglected.
On the other hand, warm inflation differs from the cold inflation since evades the reheat-
ing period at the end of the accelerated evolution of the universe [17]. During warm inflation
the process of radiation production could take place under strong enough dissipation [17–26].
In this form, the dissipative effects are important and these emerge from a friction term since
the inflaton field is dissipated into a thermal bath. Also, an interesting feature of the warm
inflationary model is that the thermal fluctuations constitute a dominant character in pro-
ducing the primary density fluctuations essential for Large-Scale Structure (LSS) formation
[27–31].
In the context of the dissipative effects, a fundamental quantity is the dissipation coef-
ficient Γ. In particular, for the scenario of low-temperature, the parameter Γ was analyzed
in supersymmetric models. In these models, there is a scalar field together with multiplets
of heavy and light fields that give different expressions for the dissipation coefficient, see
Refs.[32–37]. A general form for the dissipative coefficient Γ, is given by [35, 36].
Γ = Cφ
Tm
φm−1
, (1)
where the constant Cφ is related with the dissipative microscopic dynamics and the constant
m is an integer. Various elections of Γ or equivalently of m have been assumed in the written
works [35, 36]. In special, for the value of m = 3, Cφ corresponds to Cφ = 0.64 h
4N in which
N = NχN 2decay. Here, Nχ is the multiplicity of the X superfield and Ndecay represents the
number of decay channels available in X ’s decay [32, 38–40]. For the special case m = 1,
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i.e., the dissipation coefficient Γ ∝ T corresponds to the high temperature supersymmetry
(SUSY) case. For the value m = 0, then Γ ∝ φ and the dissipation coefficient represents
an exponentially decaying propagator in the high temperature SUSY model. For the case
m = −1, i.e., Γ ∝ φ2/T , it agrees with the non-SUSY case [33, 41].
On the other hand, Loop Quantum Gravity (LQG) is a proceeding of nonperturbative
background autonomous approach to quantize gravity [42]. In LQC the geometry is discrete
and the continuum space-time is found from quantum geometry in a large eigenvalue limit
(see, Refs. [43–47]). Different cosmological models have been studied, in particular the
Friedmann-Robertson-Walker (FRW) model [48]. Here, the loop quantum effect modifies
the Friedmann equation by adding a correction term in the energy density, specifically ρ2
at the scale when ρ becomes similar to a critical density ρc ≈ 0.82G−2 (G is the Newton’s
gravitational constant)[49, 50]. In this way, the effective Friedmann equation becomes
H2 =
κ
3
ρ
[
1− ρ
ρc
]
, (2)
where H = a˙/a is the Hubble parameter, a is the scale factor, κ = 8piG, ρ is the total energy
density, ρc =
√
3 ρp/(16pi
2γ3) is the critical loop quantum density, and ρp = G
−2 is the
Planck density. We note that a rigorous numerical test of the Eq.(2) have been performed
recently in Ref.[51].
The inflationary universe model in the context of LQC has been analyzed in Refs. [52, 53].
In particular, the inflationary model has been studied in great detail for power-law and
multiple fields in the context of LQC [54], while in the Ref.[55] the authors have studied
different isotropic and anisotropic space-times for avoiding singularities in LQC. By the other
hand, the model of the warm inflation in LQC scenario was studied in Ref. [56], in which
the author studied the inflationary scenario described by a standard scalar field coupled to
radiation, see also Ref. [57]. For a review of inflationary LQC models, see Refs. [58–62]
On the other hand, exact solutions in inflationary models can be obtained from an ex-
ponential potential, frequently called power-law inflation. Here, the scale factor has an
expansion power law type, where a(t) ∼ tp, where the constant p > 1 [63]. As well, an exact
solution can be found by using a constant scalar potential which is often called de Sitter
inflationary universe [1]. Nevertheless, exact solutions can also be found from intermediate
inflation [64]. In this inflationary model, the scale factor growths as
a(t) = exp[A tf ], (3)
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where A and f are two constants; A > 0 and the value of f varies between 0 < f < 1
[64]. In intermediate inflation the evolution of the scale factor, a(t), is slower than de-Sitter
expansion, but quicker than power law, hence the name “intermediate”. This intermedi-
ate evolution was originally elaborated as an exact solution, but this model may be best
explained from the slow-roll approximation. In the slow-roll approximation, it is possible
to obtain a spectral index ns ∼ 1 and for the special value of f = 2/3, the spectral index
correspond to Harrizon-Zel’dovich spectrum, where ns = 1. Also, the quantity obtained in
this model, for the tensor-to-scalar ratio is r 6= 0 [65, 66].
Thus the goal of the paper is to study an evolving intermediate scale factor during warm
inflation in the framework of LQC model together with a generalized form of dissipative
coefficient Γ. We will study the warm intermediate inflationary model in LQC for different
values of m, and also we will consider this model for two regimes, the weak and the strong
dissipative scenarios. In the context of the cosmological perturbations, we will consider
for simplicity the procedure of Refs.[53, 56, 57, 67] for warm inflation in LQC, where the
perturbation equations arise only from Hubble rate. Also, we only study the standard
inflation scenario, that occurs after the superinflation epoch. For a review of superinflation
epoch in LQC, see Refs. [53, 67].
The outline of the paper is the follows: The next section presents the basic equations for
warm inflation in the framework of LQC model. In the sections III and IV, we discuss the
weak and strong dissipative regimes in the intermediate model. In both sections, we give
explicit expressions for the scalar field, the dissipative coefficient, the scalar potential, the
scalar power spectrum and the tensor-to-scalar ratio. Also, the Planck and BICEP2 data
are used to constrain the parameters in both regimes. Finally, our conclusions are presented
in section V. We use units in which c = ~ = 1.
II. WARM-LQC INFLATION: BASIC EQUATIONS.
We consider that during warm inflation, the universe is filled with a self-interacting scalar
field of energy density ρφ and a radiation field with energy density ργ . In fact, the total
energy density of the universe ρ is given by ρ = ρφ + ργ .
In the following, we will regard that the energy density associated to the standard scalar
field ρφ is given by ρφ = φ˙
2/2 + V (φ) and the pressure as Pφ = φ˙
2/2 − V (φ). Here, V (φ)
4
represents the effective potential. Dots mean derivatives with respect to time.
The evolution equations for ρφ and ργ in warm inflation are given by [17]
ρ˙φ + 3H (ρφ + Pφ) = −Γ φ˙2, (4)
and
ρ˙γ + 4Hργ = Γφ˙
2, (5)
where, we recall that Γ, where Γ > 0, is the dissipation coefficient and it is responsible of
the decay of the field φ into radiation. This dissipation coefficient can be established to be
a constant or a function of the temperature of the thermal bath Γ(T ), the scalar field Γ(φ),
or both Γ(T, φ) [17].
During the evolution of warm inflation, the energy density related to the field φ dominates
over the energy density ργ [17, 27–30] and, then the Eq.(2) results
H2 ≈ κ
3
ρφ
[
1− ρφ
ρc
]
=
κ
3
(
φ˙
2
+ V (φ)
) [
1−
φ˙
2
+ V (φ)
ρc
]
. (6)
Considering Eqs.(4) and (6), we find
φ˙2 =
2(−H˙)
κ(1 +R)
[
1− 12H
2
κρc
]−1/2
, (7)
where the ratio between Γ and the Hubble parameter H is denoted by R = Γ
3H
. In this sense,
for the case of the weak or strong dissipation regime, we make R < 1 or R > 1, respectively.
We consider that during warm inflation the radiation production is quasi-stable, in which
ρ˙γ ≪ 4Hργ and ρ˙γ ≪ Γφ˙2, see Refs. [17, 27–30]. In this way, utilizing Eqs.(5) and (7), the
energy density of the radiation field, yields
ργ =
Γφ˙2
4H
=
Γ(−H˙)
2κH(1 +R)
[
1− 12H
2
κρc
]−1/2
= Cγ T
4, (8)
where the constant Cγ = pi
2 g∗/30 and g∗ denotes the number of relativistic degrees of
freedom. Using the above expression for ργ , we derive that the temperature of the thermal
bath T , results
T =
[
Γ (−H˙)
2 κ CγH (1 +R)
]1/4 [
1− 12H
2
κρc
]−1/8
. (9)
Moreover, considering, Eqs.(1) and (9) we get that
Γ
4−m
4 (1 +R)
m
4 = Cφ
[
1
2κCγ
]m
4
φ1−m
[
−H˙
H
]m
4 [
1− 12H
2
κρc
]−m
8
. (10)
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We note that Eq.(10) establishes the dissipation coefficient Γ in the weak (or strong) dissi-
pative regime in terms of the scalar field (or the cosmological time).
Otherwise, the scalar potential from Eqs.(2), (7) and (8), becomes
V =
ρc
2
[
1−
√
1− 12H
2
κρc
]
+
H˙
κ(1 +R)
(
1 +
3
2
R
)[
1− 12H
2
κρc
]−1/2
, (11)
we note that this potential, could be expressed explicitly in terms of the field φ, for the weak
(or strong) dissipative regime.
In the following, we will study the warm-LQC model in the context of intermediate
expansion for a general form of the dissipation coefficient Γ = Cφ T
m/φm−1 for the cases
m = 3, m = 1. m = 0, and m = −1. In our analysis, we will restrict ourselves to the weak
(or strong ) dissipation scenario.
A. The weak dissipative regime.
In the following, we will consider that our model develops according to the weak dissipa-
tive regime, in which Γ < 3H or equivalently R < 1. In this approach, the solution for the
standard scalar field φ = φ(t), from Eqs.(3) and (7), becomes
φ(t) = φ0 +
1
B
F [t], (12)
where the constant B ≡ 3
2
(
κ(1−f)
2Af
)1/2 (
κ ρc
12A2f2
)f/4(1−f)
and the function F [t] is given by the
expression
F [t] ≡
(
1− 12A
2f 2
κρct2(1−f)
)3/4
2F1
[
3
4
,
4− 3f
4(1− f) ,
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4
, 1− 12A
2f 2
κρct2(1−f)
]
,
here, 2F1 is the hypergeometric function[68] and φ(t = 0) = φ0 is an integration constant
that can be taken as φ(t = 0) = φ0 = 0 (without loss of generality). Combining Eqs.(3) and
(12), the Hubble parameter in terms of the inflaton field, φ, becomes H(φ) = Af
(F−1[B φ])1−f ,
where F−1 corresponds to the inverse of the hypergeometric function F .
From Eqs.(3),(11)and (12), the scalar potential in this scenario is given by
V (φ) =
ρc
2
[
1−
√
1− 12A
2f 2
κρc(F−1[B φ])2(1−f)
]
, (13)
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and now considering Eq.(10) the dissipation coefficient Γ as a function of the inflaton field,
can be written as
Γ(φ) = γ0 φ
4(1−m)
4−m
(F−1[B φ]) −m4−m [1− 12A2f 2
κρc(F−1[B φ])2(1−f)
] −m
2(4−m)
, (14)
where the constant γ0 = C
4
4−m
φ
[
(1−f)
2κCγ
] m
4−m
and m 6= 4.
On the other hand, considering the dimensionless slow-roll parameters, we have ε ≡
− H˙
H2
= 1−f
Af(F−1[B φ])f , and η ≡ − H¨HH˙ = 2−fAf(F−1[Bφ])f . So, the requirement for inflation to occur
ε <1 is satisfied when φ > 1
B
F
[(
1−f
Af
)1/f]
. Also, if we consider that inflationary scenario
begins at the earliest possible stage, that occurs when ε = 1 (see Ref. [64]), we get that the
value for the scalar field at the beginning of inflation is given by φ1 =
1
B
F
[(
1−f
Af
)1/f]
.
In fact, the number of e-folds N between two different values of cosmological time t1 and
t2, or equivalently between φ1 and φ2, using Eq.(12) is
N =
∫ t2
t1
H dt = A
[
(t2)
f − (t1)f
]
= A
[
(F−1[B φ2])f − (F−1[B φ1])f
]
. (15)
In the following, we will analyze the scalar and tensor perturbations for our model in the
scenario R = Γ/3H < 1. The complex treatment of scalar perturbations of the effective
Hamiltonian in LQC can be viewed in Refs. [69, 70]. This analysis is beyond the range of our
article and for simplicity we will follow the procedure of Refs. [53, 56, 57] for warm inflation
in LQC model. In this form, following Refs. [17, 53, 56, 57] the density perturbation could
be written as PR1/2 = Hφ˙ δφ. During warm inflation, a thermalized radiation component is
present and the fluctuation δφ is mostly thermal rather than quantum [17, 27–30]. In the
weak dissipation regime, i.e., when R = Γ/3H < 1, the fluctuation of the inflaton field, δφ,
is given by δφ2 ≃ H T [27–30, 71]. In this way, from Eqs. (7), (9), and (10), the power
spectrum of the scalar perturbation PR, results
PR =
√
3pi
4
(
Cφ
2κCγ
) 1
4−m
φ
1−m
4−mH
11−3m
4−m (−H˙)− (3−m)4−m
(
1− 12H
2
κρc
) 3−m
2(4−m)
. (16)
Combining Eqs.(12) and (16), we obtain that the power spectrum as function of the scalar
field becomes
PR = k1 φ
1−m
4−m
(F−1[B φ]) 2f(4−m)+m−54−m [1− 12A2f 2
κρc(F−1[B φ])2(1−f)
] 3−m
2(4−m)
, (17)
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where the constant k1, is given by k1 =
√
3piκ
4
(
Cφ
2κCγ
) 1
4−m
(Af)
8−2m
4−m (1− f)m−34−mor equivalently
PR in terms of the number of e-folds N , can be written as
PR(N) = k2 (F [J(N)]) 1−m4−m (J [N ])
2f(4−m)+m−5
4−m
[
1− 12A
2f 2
κρc(J [N ])2(1−f)
] 3−m
2(4−m)
, (18)
where J(N) and k2 are given by J(N) =
[
1+f(N−1)
Af
] 1
f
and k2 = k1B
− 1−m
4−m , respectively.
The scalar spectral index ns is defined by ns − 1 = d ln PRd ln k . In this way, from Eqs. (15)
and (18) the scalar spectral index ns, yields
ns = 1− 5−m− 2f(4−m)
Af(4−m)(F−1[B φ])f + n2 + n3, (19)
where
n2 =
1−m
4−m
√
2(1− f)
κAf
(F−1[B φ])−f/2
φ
[
1− 12A
2f 2
κρc(F−1[B φ])2(1−f)
]−1/4
,
and
n3 =
12Af(1− f)(3−m)
κρc(4−m) (F
−1[B φ])−(2−f)
[
1− 12A
2f 2
κρc(F−1[B φ])2(1−f)
]−1
.
This spectral index ns, also can be written in terms of N , results
ns = 1− 5−m− 2f(4−m)
(4−m)[1 + f(N − 1)] + n2N + n3N , (20)
where
n2N = B
1−m
4−m
√
2(1− f)
κAf
(J [N ])−f/2
F [J(N)]
[
1− 12A
2f 2
κρc(J [N ])2(1−f)
]−1/4
,
and
n3N =
12Af(1− f)(3−m)
κρc(4−m) (J [N ])
−(2−f)
[
1− 12A
2f 2
κρc(J [N ])2(1−f)
]−1
.
On the other hand, the generation of tensor perturbations during the inflationary period
would generate gravitational waves [16, 72]. The spectrum of the tensor perturbations is
defined by Pg = 8κ(H/2pi)2. In order to confront this model with observations, we need to
consider the tensor-to-scalar ratio, defined as r = PgPR . In this way, from Eq.(18), we found
that the tensor-to-scalar ratio r is given by
r =
Pg
PR =
A2f 2
2pi2M2pk1
φ−
1−m
4−m
(F−1[B φ])− 3−m4−m [1− 12A2f 2
κρc(F−1[B φ])2(1−f)
]− 3−m
2(4−m)
. (21)
Now, the ratio r, in terms of the number of e-folds N , results
8
r =
A2f 2
2pi2M2pk2
(F [J(N)])− 1−m4−m (J [N ])− 3−m4−m
[
1− 12A
2f 2
κρc(J [N ])2(1−f)
]− 3−m
2(4−m)
. (22)
As well, we can find a relation between the ratio R = Γ/3H and the number of e-folds
N . In this form, combining Eqs.(14) and (19), we get
R(N) =
γ0B
− 4(1−m)
4−m
3Af
(F [J(N)]) 4(1−m)4−m (J [N ]) 4−2m−f(4−m)4−m
[
1− 12A
2f 2
κρc(J [N ])2(1−f)
] −m
2(4−m)
. (23)
In Fig.1 we show the evolution of R = Γ/3H , the tensor-to-scalar ratio r, and the
quantum geometry effects given by the ratio ρ/ρc on the primordial tilt ns for the special
case in which we set m = 3 (in which Γ = Cφ T
3/φ2), in the warm intermediate LQC for the
weak dissipative regime. In all panels we have fixed three different values of the parameter
Cφ. The upper left panel indicates the dependence of R = Γ/3H on the spectral index during
inflation and we also check that the decay of the ratio R < 1. In the upper right panel,
we exhibit the two-dimensional marginalized constraints (68% and 95% CL) from Planck
data in combination with Planck + WP Planck CMB temperature likelihood complemented
by the WMAP large-scale polarization likelihood (grey), Planck + WP + highL (red), and
Planck + WP BAO (blue) [15]. In the lower panel we show the development of the quantum
geometry effects in LQC given by the ratio ρ/ρc during the inflationary scenario on the
scalar spectral index ns. In order to write down values for R, r, ρ/ρc and ns for the case
Γ ∝ T 3/φ2 (m = 3), we numerically manipulate Eqs.(2), (14), (19), and (21), in which
Cγ = 70, ρc = 0.82m
4
p, and κ = 1. Additionally, we numerically solve Eqs.(18) and (20),
and we find that A = 4.79 × 10−2 and f = 0.54 for the case of Cφ = 5 × 104, in which
N = 60, PR = 2.43× 10−9 and the scalar spectral index ns = 0.96. Similarly, for the value
of Cφ = 10
5, corresponds to A = 3.58×10−2 and f = 0.55, and for the value of Cφ = 5×105
corresponds to A = 2.31 × 10−2 and f = 0.55. From the upper left panel we verify that
the decay of the rate R = Γ/3H < 1 for the different values of the parameter Cφ. From
the upper right panel we note that for 104 < Cφ < 10
6 the model well supported from the
Planck data for the case m = 3, in the weak dissipative regime. Also, from the lower panel
we observe that the ratio ρ/ρc, which gives the quantum geometry effects in LQC, becomes
ρ/ρc < 5 × 10−8. Here, we observe that this value for ρ/ρc becomes small by 2 orders of
magnitude when it is compared with the case of standard LQC, in which ρ/ρc < 10
−9 [53].
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In Fig.2 we show the evolution of the tensor-to-scalar ratio r on the spectral index ns,
for the cases m = 1 , m = 0 and m = −1 in the warm LQC intermediate weak dissipative
scenario. In all panels we use three different values of the parameter Cφ. In the upper left
panel we use m = 1, in the upper right panel m = 0, and in the lower panel m = −1. In
the upper right and lower panels, we exhibit the two-dimensional marginalized constraints
(68% and 95% CL) from BICEP2 data in combination with Planck + WP + highL [16].
We note that the BICEP2 data places stronger limits on the tensor-to-scalar ratio r versus
ns compared with the Planck data. In order to write down values that relate ns and r, as
before, we numerically solve (19) and (21), where Cγ = 70, ρc = 0.82m
4
p, and κ = 1. For
the special case m = 1, i.e., Γ ∝ T , we numerically solve Eqs.(18) and (20), and we obtain
that A = 2.44 and f = 0.28 correspond to Cφ = 10
−11, in which N = 60, PR = 2.43× 10−9,
and the scalar spectral index ns = 0.96. Similarly, for the value of Cφ = 10
−10 corresponds
to A = 2.01 and f = 0.29, and for Cφ = 10
−4 corresponds to A = 0.78 and f = 0.28. We
note that for the value of the parameter Cφ > 10
−11 the model is well supported by the
Planck data (upper left panel) in the warm LQC intermediate weak regime. Here, we note
that for the value of Cφ = 10
−4 the tensor-to-scalar ratio becomes r ∼ 0. Also, we observe
that for the case m = 1 the value Cφ < 10
−4 is well supported by the condition of the
weak dissipative regime, i.e., R = Γ/3H < 1 (figure not shown). Thereby, for the special
case m = 1 the constraint obtained for Cφ is 10
−11 < Cφ < 10−4. In order to describe the
quantum geometric effect in LQC for the special case m = 1, we numerically find that the
rate ρ/ρc becomes ρ/ρc ∼ 10−7 for Cφ = 10−11 evaluated at ns = 0.96. For the value of the
parameter Cφ = 10
−10 corresponds to ρ/ρc ∼ 10−8 and for value of Cφ = 10−4 corresponds
to ρ/ρc ∼ 10−11 (figure not shown).
For the value m = 0 in which Γ ∝ φ, as before we numerically solve Eqs.(18) and (20),
and we find that A = 3.12 and f = 0.26 correspond to Cφ = 10
−18, where as before N = 60,
PR = 2.43 × 10−9, and the scalar spectral index ns = 0.96. Similarly, for the value of
Cφ = 10
−16 we obtain A = 2.51 and f = 0.25. For the value of Cφ = 10−10 we find A = 1.21
and f = 0.26. As before, we observe that for the value of the parameter Cφ > 10
−19 the model
for m = 0 is well confirmed by the BICEP2 data (middle panel). Here, we observe that for
the value of Cφ = 10
−10 the tensor-to-scalar ratio becomes r ∼ 0. Additionally, we note that
for this case of m the value of the parameter Cφ < 10
−10 is well supported by the condition
of the weak dissipative regime, in which the rate R = Γ/3H < 1 (not shown). Therefore,
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for the case m = 0 we obtain for the parameter Cφ the constraint 10
−19 < Cφ < 10−16
from BICEP2 data. Also, we numerically obtain that the correction term ρ/ρc that gives
the notion of the quantum geometric effects in LQC, becomes ρ/ρc ∼ 10−8 for Cφ = 10−18
evaluated at ns = 0.96. For the value of Cφ = 10
−16 corresponds to ρ/ρc ∼ 10−9 and for
Cφ = 10
−10 corresponds to ρ/ρc ∼ 10−11 (figure not shown).
For the case m = −1 or equivalently Γ ∝ φ2/T , as before we numerically solve Eqs.(18)
and (20), and we obtain the values A = 4.2 and f = 0.24 for the parameter Cφ = 10
−26.
For the value of Cφ = 10
−22 corresponds to A = 2.8 and f = 0.23, and for Cφ = 10−16
corresponds to A = 1.6 and f = 2.4. We find that for the value of the parameter Cφ > 10
−27
the model for m = −1 is well confirmed by BICEP2 data (lower panel). Also, we note that
for this dissipation coefficient the value Cφ < 10
−16 is well supported by the condition of the
weak dissipative regime, i.e., R = Γ/3H < 1 (not shown). Therefore, for the special case
m = −1, we find for the parameter Cφ the constraint 10−27 < Cφ < 10−22 from BICEP2
data. As before, we numerically get that the correction term ρ/ρc becomes ρ/ρc < 10
−8,
and we note that this value is the same order of magnitude when it is compared with the
obtained by standard LQC scenario [53].
B. The strong dissipative regime.
In this section we analyze the strong dissipative regime (R = Γ/3H > 1), and as before
our model will remains in this regime until the end of inflation. In the following, we will
consider the exact solutions for the separate cases in which m = 3 and m 6= 3. Combining
Eqs.(3), (7) and (10), the solution for the scalar field φ(t) in the case m = 3 is given by
φ(t)− φ0 = exp
[
F [t]
C
]
, (24)
where the constant C = 15
8
(
κCφ
6
)1/2 (
3
2κCγ
)3/8 (
1
Af
)5/8
(1− f)7/8
(
κρc
12A2f2
)(2+5f)/16(1−f)
. The
function F [t] is proportional to the hypergeometric function and it is defined as F [t] ≡(
1− 12A2f2
κρct2(1−f)
)15/16
2F1
[
15
16
, 18−11f
16(1−f) ,
31
16
, 1− 12A2f2
κρct2(1−f)
]
.
For values of m 6= 3, the new solution for the scalar field and redefining ϕ(t) =
2
3−mφ(t)
3−m
2 , yields
ϕ(t)− ϕ0 = Fm[t]
Cm
, (25)
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FIG. 1: The evolution of the ratio R = Γ/3H versus the primordial tilt ns (upper left panel), the
evolution of the tensor-to-scalar ratio r versus ns (upper right panel), and the evolution of the ratio
ρ/ρc versus ns (lower panel) in the warm-LQC intermediate weak dissipative regime for the case
m = 3 in which Γ ∝ T 3/φ2. In all panels we have taken three different values of the parameter Cφ
and also we have used, ρc = 0.82m
4
p, Cγ = 70, and κ = 1. In the upper right panel, we show the
two-dimensional marginalized constraints (68% and 95% CL) on inflationary parameters r and ns,
derived from Planck data[15].
where Cm =
(
12+m
8
) (κCφ
6
) 1
2
(
3
2κCγ
)m
8
(
1
Af
) (8−m)
8
(1 − f) (m+4)8
(
κρc
12A2f2
) [2m−4+f(8−m)]
16(1−f)
and the
new function Fm[t] ≡
(
1− 12A2f2
κρct2(1−f)
)(12+m)/16
2F1
[
12+m
16
, 12+2m−f(8+m)
16(1−f) ,
28+m
16
, 1− 12A2f2
κρct2(1−f)
]
.
As before, without loss of generality, we will consider ϕ(t = 0) = ϕ0 = 0. The Hubble pa-
rameter as function of the inflaton field for the case m = 3, is given by H(φ) = Af
(F−1[C lnφ])1−f
,
and for the case in which m 6= 3, results H(φ) = Af
(F−1m [Cmϕ])1−f
. Here, in both cases, F−1 (or
F−1m ) represents the inverse function of F [t] (or Fm[t]).
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FIG. 2: Evolution of the tensor-to-scalar ratio r versus the primordial tilt ns for the cases m=1
(upper left panel), m = 0 (upper right panel), and m = −1 (lower panel) in the warm-LQC
intermediate weak dissipative regime. As before, in all panels we have used three different values
of the parameter Cφ and also we have taken ρc = 0.82m
4
p, Cγ = 70, and κ = 1. Also, in all
panels, we show the two-dimensional marginalized constraints (68% and 95% CL) on inflationary
parameters r and ns, derived from Planck (upper left panel) [15] and BICEP2 (upper right and
lower panels) in combination with other data sets [16].
The scalar potential as function of the scalar field, considering Eqs.(11) and (25)yields
V (φ) =
ρc
2
[
1−
√
1− 12A
2f 2
κρc(F−1[C lnφ])2(1−f)
]
, for m = 3 (26)
and
V (φ) =
ρc
2
[
1−
√
1− 12A
2f 2
κρc(F−1m [Cmϕ])2(1−f)
]
, for m 6= 3. (27)
Analogously, as in the weak dissipative regime, the coefficient Γ = Γ(φ) considering
13
Eqs.(14), (24) and (25) becomes
Γ(φ) = υφ−2
(
F−1[C lnφ]
)− 3(2−f)
4
[
1− 12A
2f 2
κρc(C lnφ)2(1−f)
]− 3
8
, for m = 3, (28)
where υ = Cφ
(
3Af(1−f)
2κCγ
)3/4
. The dissipation coefficient for the case m 6= 3 is given by
Γ(φ) = υmφ
1−m (F−1m [Cmϕ])−m(2−f)4
[
1− 12A
2f 2
κρc(F−1m [Cmϕ])2(1−f)
]−m
8
, (29)
where υm = Cφ
(
3Af(1−f)
2κCγ
)m/4
.
As before, for the dimensionless slow-roll parameters, we write ε ≡ − H˙
H2
=
1−f
Af(F−1[C lnφ])f
, for m = 3 and ε˜ = 1−f
Af(F−1m [Cmϕ])f
, for m 6= 3. The η parameter becomes
η ≡ − H¨
HH˙
= 2−f
Af(F−1[C lnφ])f
, for m = 3 and η˜ = 2−f
Af(F−1m [Cmϕ])f
, for m 6= 3.
The inflation scenario is only satisfied when the scalar field becomes φ >
exp
[
1
C
F
[(
1−f
Af
)1/f]]
(for m = 3), and ϕ > 1
Cm
Fm
[(
1−f
Af
)1/f]
(for m 6= 3).
The number of e-folds N between two different values of the scalar field φ1 and φ2,
from Eqs.(3), (24) and (25) results in N = A
[
F−1[C lnφ2])f − (F−1[C lnφ1])f
]
, for m =
3 and N = A
[
F−1m [Cmϕ2])
f − (F−1m [Cmϕ1])f
]
, for m 6= 3 . As in the weak regime, we
consider that the inflationary scenario begins at the earliest possible, then the value φ1 =
exp
[
1
C
F
[(
1−f
Af
)1/f]]
(for the case m = 3), and ϕ1 =
1
Cm
Fm
[(
1−f
Af
)1/f]
(for m 6= 3).
On the other hand, as in the weak regime , the density perturbation could be writ-
ten as PR1/2 = Hφ˙ δφ[17], where δφ in the case of strong dissipation is given by (δφ)2 =
HT
√
3R/2pi2[36]. In this form, combining the Eqs.(7), (9) and (10) in the regime R ≫ 1,
the expression for the power spectrum of the scalar perturbation becomes
PR ≃
√
pi
2
C
3
2
φ
(κ
6
)( 3
2κCγ
) 3m+2
8
φ
3(1−m)
2 H
3
2
(
−H˙
) 3m−6
8
(
1− 12H
2
κρc
) 3m−6
8
. (30)
As for the previous expressions, we need to separate the cases m = 3 and m 6= 3. Replacing
Eqs.(3), (24), and (25) in Eq.(30), we can express the power spectrum in terms of the scalar
field for the two cases, and we obtain
PR = K1φ−3(F−1[C lnφ])
3(5f−6)
8
[
1− 12A
2f 2
κρc(F−1[C lnφ])2(1−f)
]− 3
16
, for m = 3, (31)
where K1 =
√
pi
2
C
3
2
φ
(
κ
6
) (
3
2κCγ
) 11
8
(Af)
15
8 (1− f) 38 and
14
PR = Kmφ
3(1−m)
2 (F−1[Cmϕ])
3[f(2+m)−2m]
8
[
1− 12A
2f 2
κρc(F−1m [Cmϕ])2(1−f)
]− (3m−6)
16
, for m 6= 3,
(32)
where Km =
√
pi
2
C
3
2
φ
(
κ
6
) (
3
2κCγ
) 3m+2
8
(Af)
3m+6
8 (1− f) 3m−68 .
By other hand, it is possible rewrite the scalar power spectrum in terms of the number
of e-folds N , then using Eqs.(31) and (32) we get
PR = K1 exp
(
− 3
C
F [J [N ]]
)
(J [N ])
3(5f−6)
8
[
1− 12A
2f 2
κρc(J [N ])2(1−f)
]− 3
16
, for m = 3, (33)
and
PR = Km
[
(3−m)
2
Fm[J [N ]]
Cm
] 3(1−m)
3−m
(J [N ])
3[f(2+m)−2m]
8
[
1− 12A
2f 2
κρc(J [N ])2(1−f)
]− (3m−6)
16
, for m 6= 3.
(34)
Now, the scalar spectral index as a function of the scalar field, considering Eqs.(3), (24),
(25), and (30), becomes
ns = 1 +
3 (5f − 6)
8Af(F−1[C lnφ])f
+ n˜2 + n˜3, for m = 3, (35)
where
n˜2 = −3
(
6
κCφ
) 1
2
(
3Af
2κCφ
)− 3
8
(1− f) 18 (F−1[C lnφ]) 2−3f8
[
1− 12A
2f 2
κρc(F−1[C lnφ])2(1−f)
]− 1
16
and
n˜3 = −9
2
Af(1− f)
κρc
(F−1[C lnφ])f−2
[
1− 12A
2f 2
κρc(F−1[C lnφ])2(1−f)
]−1
.
The expression for m 6= 3 yields
ns = 1 +
3 [f(m+ 2)− 2m]
8Af(F−1m [Cmϕ])f
+ n¯2 + n¯3, (36)
where
n¯2 = −3(m− 1)
2
(
6
κCφ
) 1
2
(
3Af
2κCφ
)−m
8
(1− f) 4−m8 (F
−1
m [Cmϕ])
− [m(f−2)+4]
8
φ
(3−m)
2
×
[
1− 12A
2f 2
κρc(F−1m [Cmϕ])2(1−f)
]− (4−m)
16
,
and
n˜3 = −3(1−m)
2
Af(1− f)
κρc
(F−1m [Cmϕ])
f−2
[
1− 12A
2f 2
κρc(F−1m [Cmϕ])2(1−f)
]−1
.
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Analogously as in the weak regime, the scalar spectral index can be expressed in terms
of the number of e-folds N , obtaining
ns = 1 +
3 (5f − 6)
8Af(J [N ])f
+ n˜2 + n˜3, (37)
for the case m = 3. Here, n˜2 and n˜3 are given by
n˜2 = −3
(
6
κCφ
) 1
2
(
3Af
2κCφ
)− 3
8
(1− f) 18 (J [N ]) 2−3f8
[
1− 12A
2f 2
κρc(J [N ])2(1−f)
]− 1
16
,
and
n˜3 = −9
2
Af(1− f)
κρc
(J [N ])f−2
[
1− 12A
2f 2
κρc(J [N ])2(1−f)
]−1
.
The spectral index for the case m 6= 3, results
ns = 1 +
3 [f(m+ 2)− 2m]
8Af(J [N ])f
+ n¯2 + n¯3, (38)
where
n¯2 = −3
8
(m− 1)(12 +m)
(3−m)
(1− f)
Af
(
κρc
12(Af)2
) (2m−4−f(m−8))
16(1−f) (J [N ])−
[m(f−2)+4]
8
Fm[J [N ]]
[
1− 12A
2f 2
κρc(J [N ])2(1−f)
]− (4−m)
16
and
n˜3 = −3(1−m)
2
Af(1− f)
κρc
(J [N ])f−2
[
1− 12A
2f 2
κρc(J [N ])2(1−f)
]−1
.
On the other hand, for the strong dissipative regime, the power spectrum of the tensor
perturbations is given by Pg = 8κ(H/2pi)2. Using Eqs.(31) and (32) we may write the
tensor-to-scalar ratio r as
r =
(Pg
PR
)
=
A2f 2
2pi2M2pK
φ3(F−1[C lnφ])
f+2
8
[
1− 12A
2f 2
κρc(F−1[C lnφ])2(1−f)
] 3
16
, for m = 3 (39)
and
r =
A2f 2
2pi2M2pKm
φ
3(m−1)
2 (F−1m [Cmϕ])
[−16+f(10−3m)+6m]
8
[
1− 12A
2f 2
κρc(F−1m [Cmϕ])2(1−f)
] 3m−6
16
, for m 6= 3.
(40)
Analogously, the tensor-to-scalar ratio as function of the number of e-folds N results as
r(N) =
A2f 2
2pi2M2pK
exp
(
3
C
F [J [N ]]
)
(J [N ])
f+2
8
[
1− 12A
2f 2
κρc(J [N ])2(1−f)
] 3
16
, for m = 3 (41)
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FIG. 3: The evolution of the ratio R = Γ/3H versus the primordial tilt ns (upper left panel),
the evolution of the tensor-to-scalar ratio r versus ns (upper right panel), and the evolution of the
ratio ρ/ρc versus ns (lower panel) in the warm-LQC intermediate-strong dissipative regime for the
case m = 3, i.e., Γ ∝ T 3/φ2. In all panels we used three different values of the parameter Cφ
and also we have used, ρc = 0.82m
4
p, Cγ = 70, and κ = 1. In the upper right panel, we show the
two-dimensional marginalized constraints (68% and 95% CL) on inflationary parameters r and ns,
derived from BICEP2 data [16]
and
r(N) =
A2f 2
2pi2M2pKm
[
(3−m)
2
Fm[J [N ]]
Cm
]− 3(1−m)
3−m
(J [N ])
[−16+f(10−3m)+6m]
8
[
1− 12A
2f 2
κρc(J [N ])2(1−f)
] 3m−6
16
,
(42)
for m 6= 3.
As in the weak regime, the analytical relation for the dissipation ratio R = Γ/3H between
the number of e-folds is given by
R(N) =
δ
3Af
exp
(
− 2
C
F [J [N ]]
)
(J [N ])−
(2+f)
4
[
1− 12A
2f 2
κρc(J [N ])2(1−f)
]− 3
8
, for m = 3,
17
and
R(N) =
δ
3Af
[
(3−m)
2
Fm[J [N ]]
Cm
] 2(1−m)
3−m
(J [N ])
4(1−f)−m(2−f)
4
[
1− 12A
2f 2
κρc(J [N ])2(1−f)
]−m
8
, for m 6= 3.
In Fig.3 we show the dependence of R = Γ/3H , the tensor-to-scalar ratio r, and the ratio
ρ/ρc on the primordial tilt ns for the special case in which we fix m = 3, in the warm LQC
strong dissipative regime. In all panels we consider three different values of the parameter
Cφ. In the upper left panel we show the evolution of R = Γ/3H during the inflationary
epoch and we also check that the decay of the ratio R > 1. In the upper right panel, we
exhibit the two-dimensional marginalized constraints (68% and 95% CL) from Planck [15]
and BICEP2 in combination which other data sets [16]. In the lower panel we show the
development of the quantum geometry effects in LQC given by ρ/ρc during the inflationary
scenario. In order to write down values for R, r, ρ/ρc, and ns for the value m = 3, i.e.,
Γ ∝ T 3/φ2, we manipulate numerically the Eqs. (2), (28), (35), and (39) in which Cγ = 70,
ρc = 0.82m
4
p, and κ = 1. Additionally, we numerically solve Eqs.(33) and (41) and we obtain
A = 1.7×10−7 and f = 0.96 for the case of Cφ = 5×108, in which N = 60, PR = 2.43×10−9
and ns = 0.96. Similarly, for the value of Cφ = 10
9, we get A = 3.6 × 10−7 and f = 0.9,
and for the value of Cφ = 2 × 109 corresponds to A = 5.2 × 10−7 and f = 0.85. From the
upper left panel we observe that the value Cφ > 5 × 108 is well confirmed by the strong
regime (R > 1) and this value corresponds to an upper bound for Cφ. From the upper right
panel we observe that for Cφ < 2× 109 is well supported by the BICEP2 data. In this form
for the value m = 3, the constraint for the parameter Cφ becomes 5 × 108 < Cφ < 2 × 109
for the strong regime in warm intermediate model in LQC. Also, from the lower panel we
note that the quantum geometry effects in LQC given by the ratio ρ/ρc is ρ/ρc < 3× 10−14.
Additionally we note that this inequality for ρ/ρc becomes small by 5 orders of magnitude
when it is compared with the case of standard LQC, in which ρ/ρc < 10
−9 [53].
For the case m = 1, in which Γ ∝ T , we find that the value of Cφ > 0.03 is well supported
by the strong dissipative regime, i.e., R > 1, but at the same time the tensor-to-scalar ratio
r ∼ 0. In particular, for the value Cφ = 0.1 we numerically obtain that A = 1.08, f = 0.21
and the tensor-to-scalar ratio r ≃ 5.4× 10−8. For the other values of m-parameter, we note
that for the cases m = 0 and m = −1 i.e., Γ ∝ φ and Γ ∝ φ2/T , the models of the warm
intermediate LQC in the strong dissipative regime are ruled out from the Planck data and
BICEP2, because the spectral index ns > 1 and hence the models do not work.
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TABLE I: Results for the constraints on the parameter Cφ and the quantum geometry effects in
LQC given by ρ/ρc, in the weak and strong regimes.
Regime Γ = Cφ
Tm
φm−1
Constraint on Cφ Constraint on
ρ
ρc
Weak
m = 3
m = 1
m = 0
m = −1
5× 104 < Cφ < 5× 105
10−11 < Cφ < 10−4
10−19 < Cφ < 10−16
10−27 < Cφ < 10−22
< 1.47 × 10−8
< 9.12 × 10−8
< 3.73 × 10−8
< 7.62 × 10−8
Strong
m = 3
m = 1
m = 0
m = −1
5× 108 < Cφ < 2× 109
The model does not work
The model does not work
The model does not work
< 2× 10−14
-
-
-
Table I indicates the constraints on the parameter Cφ and the quantum geometry
effects in LQC given by ρ/ρc, in the weak and strong regimes and different choices of the
parameter m, for a general form of Γ = Cφ T
m/φm−1, in the context of warm-intermediate
LCQ inflationary universe models.
III. CONCLUSIONS
In this paper we have analyzed the intermediate inflationary scenario in the context of
warm inflation in LQC. During the slow-roll approximation and considering a general form of
the dissipative coefficient Γ(φ, T ) = Cφ T
m/φm−1 , we have found solutions of the Friedmann
equations for a flat universe filled with a self-interacting scalar field and a radiation field
in the weak and strong dissipative regimes. In special, we researched the values m = 3,
m = 1, m = 0, and m = −1. From the warm-intermediate inflationary model in LQC, we
have found explicit relations for the corresponding scalar potential V (φ), spectrum of the
scalar perturbations PR, scalar spectral index ns, and tensor-to-scalar ratio r in the weak
and strong dissipative regimes.
In order to bring some explicit results we have considered the constraint in the ns − r
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plane given by the two-dimensional marginalized constraints (68% and 95% C.L.) derived
from Planck and BICEP2 in combinations with other data sets. Here, we noted that the
BICEP2 data places stronger limits on the tensor-to-scalar ratio r versus ns compared with
the Planck data. Also, we obtained a constraint for the value of the parameter Cφ analyzed
in the weak and strong regimes, and from these scenarios we have found an upper bound
for Cφ. Additionally, we observed that when we reduce the parameter m the value of the
parameter Cφ also decreases. In particular, for the strong dissipative regime, we found that
for the cases in which m = 0 and m = −1, i.e., for Γ ∝ φ and Γ ∝ φ2/T , these models of
the warm-intermediate LQC are ruled out from Planck and BICEP2 data, since the spectral
index ns > 1, and hence the models do not work. On the other hand, for the weak dissipative
regime, the quantum geometry effects in LQC, given by the correction term ρ/ρc becomes
similar than the reported in the standard LQC scenario. For the strong dissipative regime
the results found indicate that the effect of the correction term ρ/ρc on the warm inflationary
model is marginal. Nevertheless, it cannot be rejected that future experiments uncover it.
Our results for both regimes are summarized in Table I. Also, given that the rate R = Γ/3H
will also evolve during inflation, we may have also models which start in the weak dissipative
regime R < 1 but end in the strong regime, in which R > 1, or the other way round. In
this paper, we have not studied these dynamics. Besides, we should mention that we have
not addressed a complex treatment of the scalar perturbations of the effective Hamiltonian
in LQC, in this sense, we have considered that the modifications to perturbation equations
arise exclusively from Hubble rate [53, 56, 57, 67]. We hope to return to these points in the
near future.
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